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ABSTRACT: The flow past a wedge of a viscous incompressible fluid has been discussed. The steady flow of Newtonian and
Micro-polar fluid is under discussion. A similarity transformation is used to condense the non-linear Partial Differential
Equations to a system of ordinary differential equations. The resultant equations are then merged by using the required
numerical ways and means. The system is solved numerically. The different three grid sizes are used to maintain the
accurateness. The excellent comparison obtained. The results calculated for Newtonian fluid are approximate to the previous.
The dimensionless Micro-polar fluid equations are used to establish the resulting governing equation. The difference equations
for numerical solutions are finite. At the end all cases with numerical results are described in both graphical and tabular form.
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1. INTRODUCTION

We live in an environment of air and of water to a great
extent, so that almost everything we do are connected in
some way to the science of fluid mechanics [1]. Eringen [2,
3] developed the principle of a class of fluids known as
Micro-polar liquids because of limited structure and micro-
motion of the fluids apparent certain microscopic effects. The
Micro-polar liquids are viscous having additional constants of
a, B, v, A, u and K are viscosity constants in Micro-polar fluids

while u is the viscosity constant in Newtonian fluids.

The effects of the steady rotational motion of polar fluids
were studied by Cowen and Pennington. Cowin [4] given the
theory of Micro-polar fluids might be applied to electro-
hydrological fluids. Guram and Smith [5] studied the
geometrical features of steady Ekman flow of Micro-polar
fluids. The problem of steady flow in a parallel-walled
channel, determined by steady uniform suction through the
permeable channel walls for Newtonian fluids was studied by
Berman [6].

In the present work, | have scrutinized the steady flow of a
Micro-polar fluid past a wedge. Falkner and Skan (1930) [7]
studied this problem for the first time for Newtonian fluids
and later its solution was studied in detail by Hartee (1937)
[8]. They used similarity transformations in order to diminish
the Navier-stokes equations [9] to an ordinary differential
equation and then gave a series solution of resulting ordinary
differential equation. In this work | have considered the
steady case of the above problem and determined the
numerical solutions for both Micro-polar fluids and
Newtonian fluids. The suitable combination of S.O.R.
method has been wused to integrate these equations
numerically

2. MATERIAL AND METHODS

The numerical solution for the Navier Stokes equations for
flow past a wedge of a viscous incompressible Newtonian
fluid and viscous incompressible Micro-polar fluid have been
discussed in this paper. Similarity transformations method is

used to condense the Navier stokes equations to one
ordinary differential equation. But for two-dimensional
Micro-polar flow, it condenses the main equations to two
ordinary differential equations. Equations are solved
numerically in both cases. Their consequences have been
compared and discussed.

The purpose of this study is to found a numerical method,
which is more effectual, reasoning, and precise as matched to
the other present numerical methods.

2.1 Basic Analysis for two Dimensional Micro-polar Flow

Past A Wedge

For incompressible Micro-polar fluids, the main equations
given by Eringen [2] are

%) =0 @)

(A+2u+K)V(VV) = (u+K)Vx (VxV) +k(Vxv) VP +Pf =PV (2)
@+ B+Y)V(VV) - y(VxVxV)+k(VxV)-2kv+P1=Pjv (3)
From these equations we can have following results

1) Flow is steady, laminar and fully developed.

2) Body forces and body couples are neglected.

3) Co-ordinate system used is the Cartesian system.

4) The flow is two dimensional.

5) The wedge angle 4 is given byﬂ:ﬂ,

m+1
m is a constant.

Let u, v be the constituents of velocity andV,, V,, V5 , the

micro-rotational components. Under above assumptions the
above equations of motion reduce respectively to

ou  ov

A

ox oy (4)
And
—(,u+k)V><(V><V)+k(va)—VP=P\[ (5)

@+ B+Y)V(VY) - y(VxVxv) +k(VxV)-2kv =Pj(V.V)v (6)
In order to solve these equations, we present the following
similarity transformations
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u=uc"F'()

m- m-1 '
Vo= -yt [F(n) +oF (77)]

u

1 Y1 ,m-1

n=- JULEE
Zy

where 1 is a dimensionless variable.

The particular case considered here isform=1and § =1.
For this case, the problem under consideration becomes as
shown in figure (1).

()

Fig. 1: Physical Model of flow Past a Wedge
The equations (7), therefore, become

u= ulX FI(’]) (8)
v=—vu F@)
ul
n=Y, =
\'
Finally equations of motion to be solved may be written as:
F" + FF" F? + CH+1 =0 9)
H" - C,F" - C,H-C,(FH -FH) =0
Condition to the boundary values:
F=0, FF=0,H=0 When =0
F'=1, H=0 Whenn—mo}
where kv u, _ 2kv _Pjv
YA uy' Tty
are non-dimensional constants.
For numerical purposes, by rewriting the equation (9)
P=F
and so equation (9) become as
P + FP" - P> + C,H +1 =0 (10)
H" - C,P' = C,H-C,(PH -FH)= 0 }

While the boundary conditions take the form as:
F=0, P=0,H =0 When 7 = 0
P=1 H=0 Whenzn — o
If we estimate the derivatives in equation (10) by central —
difference approximations at a typical point =7, of the
interval [0, ), we obtain
(2+hF,)P,, —(4+2h%P,)P, +(2-hF,)P,,

+C,h(H,., —H,,)+2h? =0 (11)
(2+C,hF)H,,, —(4+2C,h* +2C,h°P,)H, +(2-C, hF)H,,

-G h(R,-P4)=0 (12)
Where h denotes the grid length and

F(n,)=F, P(7,)=P,.H(,)=H,

Integrate numerically equation using 1/3Simpson’s rule and
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equations (11) and (12) at each require point of the interval
[0,0) as follows:

Foi=F + %{PH +4P, + P, } (13)
With the formula given in [42] to calculate

F,=F + 2%{9F>1 +19P, - 5P, + P, } (14)
The system of finite difference equations (13) and (14) are
solved by using S.O.R iterative procedure giving

® hF, hF, Ch
P, = 14— |P, +1-—2|P,, —Z=(H,,—H,,)+h?
n 2+h2Pn |:( 2 J n+l ( 2 j n-1 2 ( n+l n—l) }

+(1-w)P, (15)
H, :%Kl*%ﬁjPM*[l’CiAthJPH ’CiZh(Pm - PH)}
(2+C,h? +C,h?P,) 2 2 2
+(1-w)H, (16)

Condition to the appropriate boundary values.
F=0, P=0, H=0 at n=0
P=1, H=0 at n—o
As  is areduction constraintand 1 <@ < 2.
The iterative order is as under:
These equations are solved condition to the limits
F=0, P=0, H=0 at =0
P=1, H=0 at n—o
Whereas we use these values to establish the matrix of P and
H respectively.
The calculated solution for P is then hired into the equations
(13) and (14). These equations are solved subject to F = 0,
when n=0.
The method is repeated till all the solutions have move
toward to some prearranged criteria of accuracy given by

[ () — " () | < 10°

as an ending condition. Also the calculations were checked

for changed values of the reduction constraint n between 1

and 2. The best considered value of the reduction constraint is

15.

2.2 Basic Analysis for Two Dimensional Newtonian Flow
past a Wedge

The Navier-Stokes equations and the continuity equation for

incompressible fluid are given by respectively

DV 17)
— = -Vp+aV?V (

P Dt p+ v

op (18)

= v . V) = O

ot + (V)

Where v and o are the velocity vector and the density of
the fluid. The succeeding suppositions are made for the
problem under concern.

e Flow is stable, laminar and fully developed.

e Coordinate system used is the Cartesian system.

e The flow is two dimensional.

e The Wedge angle /3 is given by 5_ 2m1’
m+

m is a constant.
Under the above assumptions, the velocity vector is given by

V= (u(xy), v(x,y))

then the above equations become

Jan-Feb.



Sci.Int.(Lahore),28(1),37-41,2016 ISSN 1013-5316; CODEN: SINTE 8 39
aiu + v aiu =0 (19) Pn+l _2Pn + Pn—l +F Pn+1 — Pn—l +(1_P2) =0
X oy h? " 2h "
2 2p2 2
you L, ou =—l:—P+va—‘j (20) 2P, —4P, +2P_, +hF, P, —hF P, , —2h’P?+2h*> =0
) _ ﬁx oy pdx k_ay - Viscosity and (2-hF,)P,, —(4+2h?P,)P, +(2+hF,)P,, +2h* =0 (27)
where P is the pressure, |, :% is kinematic Viscosity an i) Difference equation for #=0, m=0
L4 denotes viscosity coefficient. Condition to the limit
values Pn+1 - 2Pn + Pnfl + Fn Pn+1 _ Pnfl =0
y=0 u=0, v=0 (21) h? 2h
y = o u:U(x) 2Pn+1—4pn+2Pn71+thPn+1—thPn71 :O

In case of steady flow the pressure depends only on x, so
1 dP U du

p dx dx
Equation (20) becomes
2
uaiu +V6J:Ud7u+vﬂ (22)
oX oy d x oy?
where
U = ux"
du m-1
— =mu, X
d x '

To solve equation (19) we present the following similarity
transformations

u= ux"F'@)

m+1 1 m-1|vdu ,
V= —|—=U VX F(n)—|—nF
V2 U { (n)m+JdX nF' ()

m+1l u,
R
where n is a dimensionless variable

F" + FF" + B (1-F?) =0
Equation (23) is required and the limit values become
F =0, F'=0 when 7 =0
F'=0 when 7 —)oo}
The equation (23) non-linear and do not give logical
solutions. We have to use numerical techniques to solve the
equation. For numerical calculation, we rephrase the
equations (23) by letting

(23)

P=F
and so equation (23) become as
P+ FP + B (1-P*)=0
While the boundary condition take the form as:
F=P =20 when 77 =0
P=20 when 7 — oo}
Two particular cases i.e., for f=1,m=1and =0, m =0,

in the problem under consideration are studied. For the above
said cases our problem become as shown in figure (1). The
equation become as

P+ FP + (1-P?)=0 (25)
P+ FP" =0 (26)
We estimate the derivative in equation (25) and (26) by
central — difference approximations at a typical point 77=177,,

(24)

in the closed- open interval [O, oo), we got
i) Difference equation for =1, m=1

(2-hF )P,
(28)
where h denotes the grid size and

F(.)=F,, P(,)=P,, H(z,)=H,,

- - - - . 5 l
We now integrate numerically equation using Simpson’s 3

rule and (27) and (28) at each require point of the interval
[0, ) as follows:

—4P + (2+hF)P,, =0

h
Fraa= n—l"‘g {Pn—l+4pn +Pn+1}
with the formula
F2 = Fl +2£4{9F?|_ +19P2 *5P3 + P4}

This system of fixed — difference equations are solved using
SOR .

p-_ W (1—DFHJPnfl+(l+DFanM+h2 +(-w)P,
2+h?p, 2 2

P, = “’Hl— thj Pnl+(l+ thjPM}(l—w) P,
2 2

2

depend to the appropriate boundary values
F= 0 P=0 when 7 =0
P =1 when 7 — ©

As 1<mn<2andn isareduction parameter
The iterative order is as follow.
i) These equations are depend on the values

P=0 when =0

P=1 when 7 — o
i) The calculation for P is used into equations. These
equations are solved for F = 0 when n=0 to determine the
values of F.
The process is continual till the solution has accuracy level
given by

‘fml(oo)— fn(oo)‘ < 10—6

as regarded ending condition. Also the calculation is checked
for different values of the reduction constraint  among 1 and
2. The best significance of the reduction constraint is 1.5.

3. RESULTS AND DISCUSSION
The numerical results have been computed for a grid size,
h = 0.02 for the three cases.

Case | C,=09 C,=09 C;=16 C,=16
Casell | C;=049 | C,=1.26 C3=174 | C,=2.24
Caselll | C; =049 | C,=1.49 C3=248 | C,=2.99

The accuracy of the consequences is checked by comparing
on diverse grid sizes. The results are tabulated in (1 — 3), for
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the values of F, F' = P and H. For #=3.00 comparison of Table3: Case 3,h=0.06,m=1,n=1
the results of Micro-polar fluid for the cases I, 1, 11 with the| . |5 00000 5000/1.000011.50002.00002.50003.00003.50004.00004.5000/5.0000
results of the Newtonian fluid showed in Table 7.
b .
The results are presented for F, F' =P and H in Graphs (1|1 50000.05800.23070.51070 83031 31431 78652 27712.7443.2739|3.7738
— 3), for the values of h = 0.01, 0.02 and 0.06 for case I, II,
_'”-1 Igor all the grid sizes the value of the reduction parameter\., . 5 00000.231900.45670.65690.81290.91430.96790.99030.99770.9996) 1.0000
is 1.5.
Table-1: Case1,h=0.01, m=1,n=1
Case 3, h=0.06,p=1,m=1
0.000{0.500(1.000|1.500|2.000|2.500{3.000(3.500]4.000{4.500{5.000
T"folo|lo|o|o|o|O]O|O]O]oO ®
4.5
F(n|0:000/0.0580.23210.514/0.886{1.322/1.7952.286(2.783(3.283(3.782 4
Wio|e6 |8 |8 4|01 ]0]|5]|0]9]| | s
T 3
=) 0.000{0.234/0.460]0.661|0.816|0.916(0.969(0.990]0.997|0.999(1.000 E 25
Wo |1 |42 |5 |7 ]0]8|8]6]0] |-
1.5
Casel, h=0.01,B8=1,m=1 1 s
5 05 _
45 0 T T T T
a4 0 1 2 3 4 5 6
35 n
g °
i 25 Graph -3
s The mathematical solutions form=1and £ =1 is calculated
15
. for three diverse grid sizes, namely, h = 0.01, 0.02 and 0.06
o5 — and the result is shown in tables (4 — 6).
o ‘ ‘ The accurateness of the fallouts is checked by equating the
° ! 2 3 4 5 6 fallouts on different grid sizes. The evaluation is brilliant.
! The results for F and F’'=P are offered at different grid
—F P~ sizes, namely, h = 0.01, 0.02 and 0.06 in graphs (4 — 6). The
Graph -1 value of grid size h is shown in tables (4 — 6). For all the grid
Table 2: Case2,h=0.02,m=1,0=1, sizes the value of the reduction parameter is 1.5.
N [0.00000.5000{1.00001L.50002.00002.50003.00003.500014.00004.50005.000 _Table4: Case1,h=001, m=1,$=1
N [0.00000.50001.0000{1.500012.000012.50003.0000/3.50004.000014.5000)5.0000
F(n)) [0.00000.13360.4591/0.8871{1.3617]1.8541}2.35152.85133.35183.85184.3518
F(1) [0.00000.05860.23280.51480.8864(1.3220]1.79512.2860)2.7835(3.28303.7829
F(17) [0.00000.49450.7777)0.91600.97310.9928(0.99850.9997)0.9999(1.00091.0000
F(17) [0.00000.23410.460400.66120.81650.91670.9690/0.99080.99780.9996(1.0000
Case2, h=0.02,p=1,m=1

F,F and H

45

35

25

15

0.5

Graph -2\

Casel, h=001,p=1,m=1

Fand F'

Graph -4
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Table5: Case2,h=0.02, m=1,0=1

ISSN 1013-5316; CODEN: SINTE 8

Newtonian fluids at n=3.00, h =0.06

41

n  [0.00000.5000[1.00001.50002.00002.5000/3.000013.500014.000014.50005.0000 | Case — | m;cﬁéﬂ?;zrf];m:jd E - gﬁég Ef 8323
Micro-polar fluid|F = 3.4429| F'=0.8933
F() 0.00000.13360.4591/0.887111.3617/1.85412.3515{2.85133.35183.85184.3518 | Case — I Newtonian fluid IF = 3.3312] F'= 0.9155
Micro-polar fluid|F = 3.2918| F'=0.9872
F(n) [0.000000.49450.77770.91600.9731)0.99280.99850.99970.9999(1.0009}1.0000| [Case — Il Newtonian fluid IF = 3.2988| F'= 09233
4. CONCLUSION
In this thesis numerical solution of two dimensional ideal
Case2, h=002,p=1m=1 fluid flow problem is presented. The flow past a wedge of a
5 viscous incompressible fluid has been discussed It is a
5 problem of steady flow of Newtonian and Micro-polar fluid.
4 The velocity of the flow field at any point can be obtained by
a5 summing the contribution of all the surface elements and
s adding the contribution of the uniform onset flow. The
'g 25 pressure coefficient at any point of the flow field can be
o, obtained. The comparison of results of two fluids are given
s above in Table-7.
: REFERENCE
o [1] Joseph, K. and H. Schlichting, “Boundary Layer
s j ; : ; . 6 Theory” McGraw-Hill Higher Education (1979).
1 [2] Eringen, A. C. “Theory of Micro-polar Fluids”. J.
Math. & Mech., 16: 1-18 (1966) ' ’
Graph -5 [3] Lee, J. D. and A. C. Eringen, “Wave Propagation in
Table 6 Case 3 hp— 0.06,m=1,n=1 Kinematics Liquid Crystal”. J. Chem. Phys. 54: 5027—
- T T 5023 (1971).
n  [0.00000.5000/1.0000/1.500012.00002.50003.00003.50004.00004.50005.0000  [4]  Cowin, S.C. “The theory of polar fluids in Applied
Mechanics”. Academic Press, New York; (1974).
F(1)) 0.00000.05800.23070.51070.8803(1.3143(1.78652.27712.77443.27393.7738  [5] ~ Smith, A. C. and G. S. Guram, “Geometrical Aspects of
Steady Ekman Flow of a Micro-polar Fluid”. Letters in
F() [0.00000.23190.45670.65690.81290.91430.96790.99030.99770.9996{L.0000 Appl. and Engg. 5: 215-227 (1977). ‘
[6] Serdar B. “Steady Flow of a Walter’s B’ Viscoelastic
Fluid between a Porous Elliptic Plate and the Ground”.
Case3, h=006,p=1,m=1 . .
ase P " Turkish J. Eng. Env. Sci 26: 403-418 (2002).
4 [7] Victor M. F. and W. Sylvia, “Some Approximate
35 Solutions of the Boundary Layer Equations”,
. Volume 1314 of Reports and memoranda, Great Britain
Aeronautical Research Committee (1930).
L 2® [8] Hartree, D. R. “On an equation occurring in Falkner and
g 2 Skan’s approximate treatment of the equation of the
Y. boundary layer”, Mathematical Proceeding of the
Cambridge Philosophical Society, 33(2):223-239
! 7 (1937)
05 — [9]1 Luc, T., “An Introduction to Navier-Stokes Equation
0 = ‘ and Oceanography” Springer-Verlag Berlin, Heidelberg
0 1 2 3 4 5 6 (2006).
n
Graph - 6

Table 7: Evaluation of Results of Micro-polar fluids and
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